Abstract. The self-tuning solutions of the cosmological constant is reviewed, with the emphasis on the recent attempts in extra dimensional gravity with a brane boundary.
The most severe one among these is the cosmological constant problem in that the hierarchy is the largest and there seems to be no accepted solution in this problem, while the other hierarchy problems leads to some plausible solutions such as supersymmetry, axion, and the introduction of the hidden sector. This cosmological constant problem attracted an intense scrutiny from many famous physicists [2, 5, 6, 7, 8, 9] .
Gravity is believed to be described by the metric g µν which defines the distance between two points. If the space is flat, the pseudo-Pythagoras rule gives
If we change the flat metric η µν to a curved one g µν , we have the gravity equation,
where 8πG is the inverse Planck mass squared 1/M 2 P and T µν is the energy momentum tensor constructed from the fields except g µν . The left-hand side vanishes when the space-time is flat. If the right-hand side is non-vanishing, the space-time cannot be flat. Under the cosmological principles, we can solve this equation for the evolving universe. In 1910's, the universe seemed to be not evolving, and in 1917 Einstein introduced a compensating term to make the universe static. The only possible 2nd rank tensor is Λg µν which is called the cosmological constant term. But, after the discovery of the expanding universe by Hubble in 1929, the cosmological constant lost the initial motivation for its introduction.
The flat space metric (1) satisfies the Pythagoras rule. But curved spaces do not satisfy the Pythagoras rule. With non-vanishing cosmological constant Λ, the space-time is curved. For example, the de Sitter space metric
is certainly curved. Thus, in a universe with a cosmological constant, one can in principle measure the curvature. Its upper bound is known to be extremely small, 10 −55 cm −2 [10] . Therefore, it has been believed for a long time that the cosmological constant is better to be zero. But the recent Type 1A supernovae data suggests the vacuum energy of order (0.003 eV) 4 [11] , which adds another difficulty in understanding the cosmological constant problem. But it is reasonable to view this problem as depicted in Fig. 1 . Namely, the true vacuum has zero vacuum energy, but the present universe has not reached its absolute minimum yet. This situation is generally studied as quintessence [12] with a slowly varying dark energy with ω ≤ − 1 3 . Of course, there is a possibility that the potential energy at the true minimum is (0.003 eV) 4 . Even for this case, one may need to understand how the universe with a vanishing cosmological constant is obtained.
One can see the cosmological constant problem very easily from the action, guessed from the Einstein equation,
where R is the Ricci scalar. But the general covariance allows not only R, but also a constant and higher order terms of R, etc. In particular, adding a constant is perfectly good,
from which we obtain the equation supplied with a cosmological constant,
The difficulty with the cosmological constant problem is that there seems to be no symmetry forbidding the constant term in the action. An obvious symmetry can be the scale invariance, but it is badly broken. Even the electroweak scale introduces a mass scale of 10 56 orders larger than the observed upper bound on the cosmological constant.
This cosmological constant problem surfaced as a very serious one when the spontaneous symmetry breaking in electroweak theory was extensively studied in particle physics [2] . Here, the Higgs potential looks as shown in Fig. 2 .
Thus, here the vacuum energy itself is the cosmological constant. The constant in Eq. (4) is viewed as the contribution from the Higgs potential. Since this Veltman's observation [2] , the cosmological constant became the most difficult hierarchy problem in particle physics. As seen above, from the action it is quite natural to allow a cosmological constant. One may not prefer to choose a flat universe as a boundary condition for the equation of motion, but prefers the theory itself to choose a flat universe out of numerous possibilities. It seems V 0 that the logic for introducing a cosmological constant from the action is more fundamental than Einstein's reasoning for a static universe.
The Einstein equation can be solved with the ansatze of a flat universe, a de Sitter space universe, or an anti de Sitter space universe. If a solution exists for a flat ansatz, then it gives a vanishing cosmological constant. If a solution exists for a de Sitter space ansatz, then it gives a positive cosmological constant, etc. It is like solving the equation of motion to seek the minimum of the potential. Note that in 4D for a nonzero cosmological constant, a flat space solution is not possible. To have a flat universe in a 4D theory, one must fine-tune Λ at zero, which is the fine-tuning problem of the cosmological constant.
But our 4D may come from higher dimensions. In a higher dimensional theory, e.g. in 5D, we have a 5D cosmological constant. But we live in 4D, and it is perfectly allowable if the effective cosmological constant to a 4D observer is zero. In this regards, the Randall-Sundrum models [13, 14] are very interesting. These models start with a negative 5D cosmological constant Λ b , but look for 4D flat solutions,
where y is the fifth coordinate and β is called 'warp factor'. The first question is, "Does this ansatz allow a solution?" For the Randall-Sundrum model II(RS-II) [14] , we consider a 4-brane located at y = 0. At the brane matter can be present, in particular a 4D cosmological constant or the brane tension Λ 1 . With a Z 2 ansatz a solution for β(y) satisfies β(y) = β(−y). Indeed, these ansatze allow a solution for β(y) which is expotentially suppressed at large |y|. Even if this theory is a 5D theory, the effect of the deep bulk(|y| ≫ 1) is negligible and can be considered as a good effective 4D theory after integrating out with respect to y. But a flat solution is possible with the condition between parameters,
But this fine-tuning condition can be thought as an improvement compared to the 4D case since we started with an arbitrary negative bulk cosmological constant. It seems that the higher dimensional theories may lead to a solution of the cosmological constant problem. Previously, there were several attempts toward a solution of the cosmological constant problem, notably by Hawking, Witten, Weinberg, and Coleman, under the name of probabilistic interpretation in Euclidian quantum gravity [6] , boundary of different phases [7] , anthropic solution [8] , and wormholes [9] . For example, the argument of anthropic principle is the following. Life evolution is not very much affected by the existence of the cosmological constant. But galaxy formation may be hindered if the cosmological constant is too large. Weinberg obtained a bound for the condensation of matter: ρ < 550ρ c where ρ c is the critical energy density. In this case, one needs a fine-tuning of 1 out of 1000, which is a big improvement. The anthropic solution seems to work. But the anthropic solution needs a multi universe scenario so that out of multiple universes, somewhere the hospitable universe may exist.
In this talk, I review the self-tuning solution. I distinguish the earlier version and the recent version.
Weak self-tuning solution
If a solution for the flat space exists in the given theory, then it is called the self-tuning solution or the undetermined integration constant solution. For a specific value of the undetermined integration constant c, a flat space is possible. For example, Witten used the field strength H µνρσ of third rank antisymmetric tensor field. In this case, indeed there is an undetermined integration constant c, and the vacuum energy is proportional to c 2 . This undetermined integration constant can be chosen to make the space flat. Witten [7] argued that probably the boundary of different phases is chosen. The flat space is the boundary of the de Sitter and anti de Sitter spaces. However, once c is determined, there is no more free parameter to adjust when a phase transition adds a further vacuum energy. So in 4D this does not work, which has the root that H µνρσ is not a dynamical field in 4D. Hawking used the same field but his argument is a probabilistic one in Euclidian quantum gravity. We will discuss more about Hawking's idea later.
Strong self-tuning solution
As seen above, the weak self-tuning solution does not care whether there exist de Sitter or anti de Sitter space solutions. Choosing the flat space solution came from another principle. Recently, a more restricted class of self-tuning solutions have been attempted [15] . It requires that there is no de Sitter and anti de Sitter space solutions except the flat one. Recently, this strong self-tuning solution has attracted a great deal of attention. In particular, the RS type models [13, 14, 16] , using a negative but nonzero bulk cosmological constant and nonzero brane tension(s), allow 4D flat space solutions with fine-tuning(s). Therefore, the RS y y=0
models is a good playground for the self-tuning solutions, starting with nonvanishing 5D vacuum parameters. Firstly, let us observe the key points of the RS type models in terms of the RS-II model. The RS-II [14] model is an alternative to compactification. The fifth dimension y is not compactified, but one can obtain an effective 4D theory due to the localization of gravity near y = 0. It can be studied with the following 5D Lagrangian,
where M is the 5D fundamental scale, Λ b is the bulk cosmological constant, and Λ 1 is the brane tension. It is depicted in Fig. 3 . With the flat space ansatz, ds 2 = β(y)η µν x µ x ν + dy 2 , one can obtain a solution
Thus, only the AdS bulk allows the solution. If there are more branes, there are more conditions to satisfy toward a flat space solution since there are more brane tensions. Thus, the RS-II model is the easiest one(with only one brane tension) for a self-tuning solution.
The strong self-tuning solution attracted a great deal of interest because of a possibility to realize such a scheme [15] . They tried a Lagrangian with a dilaton-like field φ,
where a, V, and b are constants. We set M 3 /2 = 1. It is a RS-II type model with a massless scalar field in the bulk. This scalar φ interacts with the brane tension. The relevant equations of motion are dilation :
where A = 
There are two types for this function: one without singularity and the other with a singularity at y c ≡ − 3 4 c. The non-singluar solution diverges logarithmically at large |y| and hence the localization of gravity near the brane is not realized.
For the singular solution, the singular point y c is the naked singularity. But we cannot ignore the space |y| > y c . Even if the bulk for a given y is a flat 4D, the effective theory must know the whole y space, including the boundary term if such a term is present. In either case, the solution is not complete. For the non-singular solution Förste et al. [17] tried to cure the singularity by inserting another brane at y = y c . Then a flat 4D solution is possible. But there must be one fine-tuning. One more brane introduces one more parameter(the brane tension), and for a specific value of this additional brane tension the space is flat. Certainly, for another value for this tension the solution is not flat. Therefore, it is fair to say that we have not obtained a strong self-tuning solution yet.
A weak self-tuning solution with 1/H 2 For a self-tuning solution, it is a necessity to introduce additional fields. In the RS-II model, one can guess that it is better to introduce a massless scalar field since it must affect the whole bulk. Indeed, Kachru et al. [15] tried a massless bulk scalar. It may be better if this massless scalar arises from the symmetry argument. Indeed, in (4+n) space-time an antisymmetric tensor gauge field with (2 + n) indices gives a massless scalar. Therefore, in 5D RS-II type models, let us introduce A MN P , (M, N, P = 0, 1, 2, 3, 5). Its field strength is a 4-form field H MN P Q . Under the gauge transformation
, the 4-form field H is invariant. There will remain a U (1) gauge symmetry(but in fact global since there is only one component of the dynamical field) with one massless pseudoscalar a, ∂ M a ∝ ǫ MN P QR H N P QR . It remains to be seen whether there exists a self-tuning solution.
Let us consider the simplest kinetic energy term,
where H 2 = H MN P Q H MN P Q , and G and g are the determinants of the 5D and 4D metrics, respectively. The brane with the brane tension Λ 1 is located at y = 0. We have the following ansatz, Flat 4D
:
where µ, · · · , are the 4D indices. In the remainder of this talk we work with the unit system M = 1 unless the parameter is explicitly inserted. The H equation, the (55) and (µν) component Einstein equations are solved to give the following solutions:
For a localizable(near y = 0) metric, there exists a singularity at |y| = −c/4k, etc. Thus another brane is necessary and needs a fine-tuning. We encounter a similar problem as in the case of Kachru et al. [15] . It is worth commenting the de Sitter space solution, for Λ b > 0. It is a periodic solution as shown in Fig. 4 .
Since β ′ = 0 at y = ±y c , we can restrict to the subspace |y| ≤ y c . Then the boundary conditions at y = 0 and y c relate the parameters
where c is an integration constant determined by the brane tension and the bulk cosmological constant. Then, if y c behaves like an undetermined integration constant, we can achieve a self-tuning solution. But y c is the vacuum expectation value(VEV) of the radion field g 55 which cannot be a strictly massless Goldstone boson. If it were massless, it will serve to the long range gravitational interaction and hence give a different result from the prediction of the Einstein gravity for the light bending experiments. It will obtain mass, and hence y c is not a free parameter but is fixed. Then the second equation is nothing but a fine-tuning condition [18] .
But we find a self-tuning solution with 1/H 2 [19] . We present this solution here, not because it has a meaningful kinetic energy term but because to show that there exists a solution. At low energy, we may treat it as an effective inter- action term. Setting M = 1, the action is
where −Λ 1 can be interpreted as the VEV of the matter Lagrangian at the brane. At low energy, this Lagrangian makes sense only if H 2 develops a VEV. Again, we impose the following ansatze Flat 4D
The
. Thus, we conclude n is a function of y only. For simplicity, we require a Z 2 symmetry the symmetry under the reflection: y → −y. The bulk solution is [19] 
where a and c are the integration constants, and
The boundary condition at y = 0 is
The bulk solution (17) has the integration constants a and c. a is basically the global charge of the universe and determines the finite 4D Planck mass. c is the undetermined integration constant we want and is fixed by the boundary condition at y = 0 without fine-tuning, for a finite range of
Since changing c amounts to changing the fields, if the value Λ 1 is changed then the fields are expected to adjust so that the flat space solution results. Note that β(|y|) is a decreasing function of |y| and converges to 0 exponentially as |y| → ∞. This property is needed for a self-tuning solution.
The key points of our solution are:
(1) β has no naked singularity-If we obtain a 4D flat solution at every bulk point y, then the effective 4D cosmological constant must be zero since there is no singularity.
(2) 4D Planck mass is finite-Even if the extra dimension is not compact, this theory is permissible since the gravity is localized near the brane. Integrating with respect to y, we obtain an effective 4D Planck mass
which is finite and is expected to be of order M 2 if the bulk cosmological constant and the brane tension are of that scale.
(3) It is a self-tuning solution-To see that the 4D cosmological constant is zero, we must also consider the surface term [19] ,
Thus, the total action is
Then, −Λ eff is the y integral of Eq. (23) except the 4D Einstein-Hilbert term R 4 , to give vanishing cosmological constant [19] . It is consistent with the original flat 4D ansatz.
Therefore, we obtained a flat space solution with 1/H 2 term. Certainly, the theory we consider does not belong to the class studied for the no go theorem, without the Gauss-Bonnet term [20] and with the Gauss-Bonnet term [21] . [Note added: After this talk, more self-tuning solutions were found with a general function of H 2 [22] and with the Gauss-Bonnet term [23] . With the Gauss-Bonnet term, there is a new class of solutions which does not include the RS point [16] . The solution obtained by Binetruy et al. belongs to the class not containing the RS model, or more accurately to the class containing the Kachru et al. point [15] .] Note that our solution needs a bulk massless scalar. Namely, only derivative terms are needed in the bulk, which reminds us of a Goldstone boson. Another point is that the kinetic energy term is not a standard one, 1/H 2 . In fact, there are more solutions with non-standard kinetic energy terms [19, 22] , but the solution we presented is expressed in a closed form and hence is transparent for discussing the resulting physics.
Dual description
In the dual picture, we have a 5D scalar σ. The dual relation is [24] 
In this dual picture, we obtain the same warp factor with the self-tuning property. The kinetic energy term of σ is
which is not standard. The equation of motion of H becomes the Bianchi identity in the dual picture, and the Bianchi identity plays the role of equation of motion in the dual picture [24] . In the dual picture, we can allow the brane coupling,
which may be useful for further study of self-tuning solutions.
De Sitter and anti de Sitter space solutions
So far we have considered the time-independent solutions. The next simplest solutions are de Sitter and anti de Sitter space solutions which are time dependent. For the curvature λ(+ sign for dS and − sign for AdS), the metric is taken as
where
λt , e 
The 4D Riemann tensor is R µν = 3λg µν . Thus, the (55) and (00) component equations are
The 4D cosmological constant obtained from the above ansatz should be λ. But we cannot show this explicitly since we do not have an exact solution. Nevertheless, this kind of situation can be checked from the Karch-Randall(KR) solution with the fine-tuning ansatz [25] . For the dS solution,
the effective Planck mass and the effective cosmological constant are obtained by integrating in [−y m , y m ],
Therefore, a 4D observer would realize the curvature as λ. Similarly, we expect that for our dS and AdS solutions, the 4D curvature will turn out to be λ. Our solutions are depicted in Figs. 5, 6, and 7. It is easy to observe that these solutions exist. The y derivative of the metric for the dS case is
Therefore, for a positive λ, β ′ (y h ) needs not be zero at the point where β(y h ) = 0. Thus, there exist a point y h where β ′ is finite and β = 0 which is the de Sitter horizon. It takes an infinite amount of time to reach at y h . For a negative λ, β can be nonzero where β ′ is zero. It is an AdS solution, which does not give a localized gravity.
We obtained (39) from the equation of motion, but not from the action itself. If we used the action, then we had to include the surface term. Therefore, consider for Λ eff > 0,
which is maximum at Λ eff = 0 + , which is shown in Fig. 8 . Therefore, Hawking interpreted this result as the probability for the Λ eff = 0 + universe is maximum in the multi universe scenario. As explained in the introduction, this 4D example is not realistic since the universe is originating from Big Bang where the beginning of time chooses the universe. This Hawking's argument applies at the beginning. But at later epoches, the vacuum energies are expected to be added and hence the 4D example is not complete.
With our self-tuning solution, we can anticipate that one can choose the flat one in the beginning after inflation and at a later epoch the flat solution adjusts itself if vacuum energy is added at the brane.
In conclusion, we presented the interesting self-tuning solutions of the cosmological constant problem, which has attracted a great interest recently. This direction seems to be promising in RS-II type models. We showed an existence proof of such a solution with the four-form field strength H in 5D. To choose the flat one out of numerous possibilities, we had to resort to Hawking's probabilistic interpretation. But there may be some theories where these strong self-tuning solutions are possible. To find these new type of solutions, it is worthwhile to observe the key points of our solutions and presumably one may rely on a symmetry in theories with a massless scalar coupled to the brane.
